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We studya family ofHamiltonian systemswhich is a perturbationof the Calogero—Moser
system.Thepresenceofthecouplingtermsin theHamiltonianmakesthe systemnon-integra-
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1. Introduction

In thisarticle westudythe family of Hamiltoniansystemswith two degreesof

freedomdefinedby

H(x1,x2,y1,y2)=~(y~+y~)+l/(x1—x2)
2+K(x

1,x2), (1)

with

K(x1,x2)=a(x1+x2)
2+b(4+4)+cx~x~+dx

1x2(x~+4),

andthesymplecticform

w=dx1 ,‘,dy1 +dx2 Ady2.

Thisfamily dependson four realparametersa, b, c, d. Whentheseparameters
vanishaltogether,(1) definesthe Calogero—Mosersystemwith two degreesof
freedom,whichis integrable[1].
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The methodswe usearenot perturbativein character; we prove the non-inte-
grability of (1) for anexplicit full opensetof valuesof a, b, c, d in the parameter
space,which isnot onlyaneighbourhoodof theCalogero—Mosersystem.A com-
parisonof thisstudywith thatin ref. [2] showsthatthe non-integrabilityis con-
nectedwith the presenceof thecouplingtermsin theHamiltonian.Onthe other
hand,numericalcomputations[3] revealachaoticbehaviourfor a potentialof
sixthorderwithout couplingterm.

Our resultshavebeenannouncedin ref. [4].

Theorem 1.1.
(i)If2b+c—2d~O,
(ii) if
(iia) (c—6b)/(2b+c—2d)>Oanda~<O,or
(jib) (c—6b)/(2b+c—2d)>-OandO<a-<~(c—6b)/(2b+c—2d)113,or
(iic) (c—6b)/(2b+c—2d)<Oanda<—~I(c—6b)/(2b+c—2d)~3I,and
(iii) lf(50b—7c—2d)/(2b+c—2d)r/=(2p+l)2,VpEN,

thentheHamiltoniansystemdefinedby (1) doesnotpossessa secondintegralwhich
is meromorphicandfunctionallyindependentofH in theset:

(iv) 1 <H/2h* in case(iia), or

l<H/2h*< (16a2/3)(2b+c—2d)213 + (l/6a)(c—6b)
(c—6b)2 (2b+c—2d)113’

in cases(iib) and(iic), whereh*= ~(2b+c—2d)1 ~.

The proofis inspiredby a theoremof Ziglin [5], which givesrestrictivecon-
ditionson the linearizedequationsnearaparticularsolutionof a Hamiltonian
systemwhichpossessesameromorphicsupplementaryintegral:Supposethatthe
Hamiltoniansystemhasa family of particularsolutions~h which are parame-
trizedby elliptic functionsof complextime. Let usassumethat this family Th

dependsanalytically on the parameterhE ]h
0, h1 [, and that the projection

(x, y)F-+x restrictedto
Th definesacoveringoff’,, on C. Let Gbethemonodromy

groupof the normalvariationalequationassociatedto the solution [‘,,. We say
thatan elementg of G isnon-resonantif noneof its eigenvaluesisarootof unity.
Ziglin proved [5] that,if theHamiltoniansystemhasan integralFwhichis mer-
omorphicandfunctionallyindependentof H in a neighbourhoodof [‘A, andif G
containsa non-resonantelement,thenG is solvable(i.e., it containsan Abelian
subgroupof finite index).

2. Determinationof theelliptic solutionst’h

The Hamiltoniansystemgeneratedby H is
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x1=8H/8y1, j’1=—~H/öx1, i=l,2. (2)

Thissystemadmitsthe particularsolutions
T’h definedby

x
1 = —x2 =x

with

x= l/4x
3—2(2b+c—2d)x3.

This differentialequationhasthe first integral

h=H/2= ~±2+ 1/8x2+ (b+ lc—d)x4,

which canbe written,by definingu=x2, as

ü2=—4(2b+c—2d)u3+8hu—1. (3)

If the coefficient (2b+c—2d) does not vanish, the linear change
— (2b+ c—2d) utransforms(3) into thenormalform

i~’2=4v3—y,v—y
3, (4)

thesolutionsofwhicharetheWeierstrasselliptic functionsgo (t, Y2, y3), with IcC.

TheinvariantsY2 andy3 aredefinedby
y2=8h(2b+c—2d),

= (2b+c—2d)
2,

andtheydeterminethe two complexperiodsof go [6]. As Y2 dependson h line-
arly, the Weierstrassfunction go dependson h analytically.

It is possibleto expresstheWeierstrassfunctionsgo in termsof theJacobiellip-
tic functionsn [6,7], if the polynomial

P(v)=4v3—y
2v—y3 (5)

hasits rootsa, all realanddistinct. Thisoccurswhenthediscriminantof eq. (5)
is negative,i.e.,

h/h*>l , h*=~(2b+c_2d)h1’
3.

Thenwehavea
1+a2+a3=Oanda1a2a3=y3/4>O,sothata1<a2<O<a3.

Following ref. [7], let uswrite
v=a1+(a2—a1)w

2, (6)

dz=\/11~I~dt (7)

with k2=(a
2—a1)/(a3—a1)e]O, l[. Thedifferentialequation(4) becomes

(dw/dz)
2=(l—w2)(l—k2w2) . (8)

This is the Legendrenormal form of the Jacobiequation[8], the solution of
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which is the Jacobielliptic function w(z) =sn(z, k). Thus,the solution of eq.
(4), whichcharacterizesthedoublyperiodicorbitsT’h~canbewritten as

v(t)=a
1 +(a2_ai)sn2(~/as_ait,k). (9)

Recall [6] that the elliptic functionsn hastwo periods,w1dR and w2 purely
imaginary. o~andw2/..JiI aregiven by elliptic integralsof the first kind. But
the function sn is also anti-periodic(periodwi/2) so that sn

2 hastwo periods
w

1/2cD~and(O2EC. On the otherhand,snhastwo simplepolesin eachparalle-
logramof periods;thensn

2hasonly onepolez~of ordertwo in its parallelogram
of periods(0, w~/2,w

1/2+w2, w2). If t is real,sn
2t isw

1/2 periodicandbounded,
becausethepolez~is notreal. Thedifferentialequation(8) showsthattheupper
boundof sn

2is 1, andtherefore

sn2(~/~~i~t,k)E[O, 1], VtctR. (10)

3. Normalvariationalequationassociatedwith the solutionsF,,

ThedifferentialequationswhichdescribethesolutionsnearF,, aregivenby the
variationalsystemdeducedfrom (2) alongFh,

(d/dt) =JM

where

(0I
~ ‘~~—I0

andMis theHessianmatrix of the HamiltonianfunctionH, computed along the
solutions[‘h• This variationalsystemcanbewritten as

d2/dt2 — [—A_B A_C1(~i
A—C _A_B]k,~

2

with

A=3/8u
2, B=2a+2(6b+c—3d)u, C=2a—2(2c—3d)u,

whereu(t) is the family of elliptic functionsdefinedby (3).This systemcanbe
decoupledthroughthe symplectictransformation~ ~ ~, ~2)’-~ (~1t,12, Xi, X2)

definedby
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1 —l 0 0 ~
~12 — ‘~2 1 1 0 0 ~2

Xi ~ / 0 0 1 —1 ~

X2 0 01 1~2

Thenthevariationalsystemdecouplesinto theform

i~=(—2A—B+C)~1,

112 = —(B+C)1i2.

The second equation of this systemisthe normalvariationalequation[5]. If we
denote172 by i~,this equationcanbewritten as follows:

(11)

with

C(t,h)=4a+ [2(c—6b)/(2b+c—2d)]

X[ai+(a2_ai)sn2(~/~3_a,t,k)]. (11’)

We haveto studythe monodromygroup associatedwith eq. (11), which is
linear,homogeneous,of secondorder,andwherethecoefficientC( I, h) is adou-
bly periodic functionofcomplextime I. Moreover,if t is real, C(t, h) isbounded,
as weshowedpreviously.

The normalvariationalequation(11) is aHeunequationwhich, in somepar-
ticular cases,becomesa Laméequation[9]:

Proposition3.1. Equation(11) is a Laméequation,

ij=(p(p+1)go(t)—4a)ij,

if andonlyif

50b—7c—2d 2

2b+c—2d =(
2p~) , pcIN.

Proof Equation(11) canalsobewritten as follows:

/ 2(6b—c) \
17+ ~4a—2b+c_2dv) i~=0,

wherev is the solution of (4), i.e., v= go (t, Y2, y~).This equationis a Lamé’s
equationif andonly if [6]

2(6b—c)
2b+c—2d=p(p+ I), peN,



236 f-P.Francoise,M. Irigoyen / Non-integrableIlamiltonian systemsandtheHeunequation

i.e.,

50b—7c—2d
2b+c—2d = (2p+ 1)2.

Condition (iii) isput preciselyto excludethiscase.

4. ThemonodromygroupGof the normalvariationalequation

Sincethe coefficientC( t, h) hasonly onepole t~= z~/~J~i-cx
1of ordertwo

in eachparallelogramof periods,eq. (11) is of theFuchstype, i.e., thepole to,. is
regularsingular. Thenwe know [9—11]thatthereexisttwo solutionsha and 17b

which form afundamentalsystemandhaveanexpansionof the following form:

11a,b(l~It+c2~
2~) . (12)

Theseexpansionsconvergein aneighbourhoodoft=t—t~=0.
Following the Frobeniusmethod [9], we can write down the characteristic

equation,

v(v— 1 )+2(c—6b)/(2b+c—2d)=0,

andcomputetheexponentsii
1 and v2 corresponding to the fundamental solutions

haand
11b,

vi,
2=1±~,Iö—2d)/(2b+c—2d) . (13)

Theseexponentsdo not dependon theenergyh, althoughthepole t~does.
in orderto definethe monodromygroupof the normalvariationalequation,

we must follow the fundamentalsolutionsha and11b alonga pathin the complex
plane(t) from Ito t’ such that t’—t=mw1/2+nw2,with mand neZ. The solu-
tions ha andflb become i~aand~ which alsodefineafundamentalsystem,

(~a~M(11a

\~ib! \‘lb

As eq. (11) is aHamiltoniansystem,the matricesMaresymplectic,MeSL(2,C).
Theygeneratethe monodromygroupG of theHeunequation.We can find two
particulargeneratorsg1 andg2,which wechooseasfollows: g1 andg2 correspond
to the real andthe complexperiodsw1/2 andw2, respectively,of the coefficient
C(t, h).

We cannowcomputethe commutatorg* g~’g j ‘g2g1 andprove

Proposition4.1. Thecommutatorg* is differentfrom the identity if and only if
condition(iii) oftheorem1.1isfulfilled.
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Proof Eachperiodparallelogramof thecoefficient C( t, h) of eq. (11) contains
only onedoublepole.Thus,thecommutatorg* is thematrixcorrespondingto an
anti-clockwiseloop aroundthispole t~.Theexpansions(12) showhowthefun-
damentalsolutionsaretransformedalongthis loop: ha and ijb aremultiplied by
exp(2iriv~),j=1, 2. Therefore,g* is adiagonalmatrix andits eigenvaluesA, are
equalto 1 if andonly if the exponentsv1 definedin (13) are integers, i.e., if and
only if condition (iii) is not satisfied. n

In orderto provethatthe monodromymatrixg1 is non-resonant,we studythe
instability ofsolutionsof eq. (11),andwe usethe following

Lemma4.2. If F( t) <0foranyreal non-negativet, thematrixR(I) ofthefunda-
mentalsolutionsofthe linear equationj+F(t)y=0 has thefollowingproperty:
tr R (1) >2, foranystrictlypositivet.

Proof If ,~and1~aretwo fundamentalsolutionsof the differentialequation
suchthat17,(0)=17,,(0)=1 andi~a(O)=1~(O)=O,the matrixR(t) is definedby

R(t)=[~t) llp(t)
[1~a(t) i~~(t)

If F( t) <0 for any real non-negative t, it canbeproved,asin ref. [12], thati~(t)

and ~~(t)arestrictly increasingfunctions,and

trR(t)=ha(t)+1~p(t)>2, foranyt>0. L

Theorem4.3. If conditions(i), (ii) and(iv) oftheorem1.1 aresatisfied,thecoeffi-
cientC( t, h) ofeq.(11) isstrictly negativeforanyreal valueoft.

Proof We wantto find sufficient conditionssuchthatC( t, h) <0 for everyreal
t. Condition (10) showsthat

a1 ~<a1+ (a2_ai)sn2(~/~i~t,k)~a2,

for anyrealvalueoft, andtherefore
(a) if

(c—6b)/(2b+c—2d)>-0,

then

C(t,h)~4a+(2(c—6b)/(2b+c—2d))a2,

(~)if
(c—6b)/(2b+c—2d)<0,
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then

C(t,h)~4a+(2(c—6b)/(2b+c—2d))a~,

where a1, a2, a3 are the three roots of P(v) definedby (5). Theserootsarereal
if h/h*> 1 and thenwe have a1<a2<0<a3.(We do not consider the case
c—6b= 0, becauseit doesnot satisfycondition(iii) of non-integrability.)

We want that theupperboundof C(t, h), in bothcases(a) and(~3),be nega-
tive, andthuswemustfind amajorationfor thenumbersa2 (in casea) or — a1
(in case~). Thiscanbe donemoreeasilyif wetransformeq. (5) by setting

v= (8h*/3)
2V,

whereh* is definedin condition(iv). Equation(5) thenbecomes

Q(V)=0, (14)

with

Q(V)=4V3_(3h/h*)V_l. (15)

Equation(14) admitsthreerealroots/i,,whichdependon h/h* only, and satisfy

a,=(8h*/3)2fl,, ~flj=0, flI<fl2<0<fl3.

In case(a), i.e., if (c—6b)/(2b+c—2d)>0,we want

4a+ (2(c—6b)/(2b+c—2d))a
7 <0,

i.e.,

— . - (2b+c—2d)”
3

fl
2<V, with V=2a 6b—c (16)

As /12 is the largestnegativeroot of eq. (14), condition (16) is satisfiedin two
cases:
— if J7~o,i.e., ifa~0,withoutanysupplementaryconditionon
— if ~z0, i.e., if a>-0;thenwe musthave

Q(1
7)<0 and(dQ/dV)(J7)<0,

i.e.,

~
2(~)<h/h*<~1(V), withq~(V)=~V

2—1/3V,ço
2(V)=4V

2.

The set of values of h definedby theseconditionsis not emptyif andonly if

a<~(c—6b)/(2b+c—2d)”3.

Thenwe haveço
2( V) < 1, so that the interval for h/h* is characterizedby condi-

tion (iv) in case(jib).
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Thisendstheprooffor case(a),i.e.,whenconditions(iia) or (jib) aresatisfied.
In case(/1), i.e., if (c—6b)/(2b+c—2d)<0, wewant

2(c—6b)
4a+ 2b+c—2d~<0,

i.e.,

- . - (2b+c—2d)”3/3
1>V, with V=2a 6b—c (17)

As /3~isthesmallestrootof eq. (14), condition (17) is equivalentto

V<0 and Q(V)<0 and (dQ/dV)(V)>-0,

i.e.,

h/h*<c91(V) and h/h*<~,2(J7).

Thesetof valuesofh definedby theseconditionsis not emptyif

a<—~I(c—6b)/(2b+c—2d)~
3I

Furthermore,V alwayssatisfiesV< — 1/2, andthusço~( V) <~~2( V). Therefore,
thepreviousconditionscanbereplacedby thefirst oneonly. This completesthe
proofof theorem4.3. U

Proposition4.4. If conditions(i), (ii) and(iv) oftheorem1.1aresatisfied,themon-
odromymatrixg

1 is non-resonant.

Proof The previoustheoremshowsthat wecanapply lemma4.2 to the varia-
tional equation(11). Thusthe fundamentalmatrixR(I) associatedis suchthat
tr R(t) >2 for anystrictly positivet. But themonodromymatrixg1 is definedas
g~=R (w1/2). Thus,tr g1 >2,andthe eigenvalues2, of g1 cannotbe rootsof un-
ity, because2122 = 1. Therefore,g1 is non-resonant.Furthermore,2~and 22 are
realnumbers,becauseg1 eSL(2,IR). U

Proposition 4.5. If conditions(i), (ii) and(iv) oftheorem1.1 aresatisfied,themon-
odromymatricesg1 andg2 aresuchthatg* ~g~.

Proof We knowthatthe eigenvaluesA1 ofg* areexplicitlygivenby

A1=exp(2iriv~), j=1,2,

where the p1 aredefinedin (13). These eigenvalues satisfy A1+A2=tr g*ER and
trg*~2.
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Ontheotherhand,we provedthat tr g1 >2 if conditions(i), (ii) and(iv) are
satisfied.But tr (gfl = (tr g1 ) 2_2, because g1 is realandsymplectic.This implies
tr(g~)>2, andthatthe matricesg* and g~cannotbeequal. U

According to Ziglin’s theorem [5], wehaveobtainedan obstructionto the in-
tegrabilityof the system,andthisendstheproofof theorem 1.1.

5. Someintegrablecases

Whencondition (iii) of theorem1.1 is not satisfied,we find severalcasesof
integrabilityof the system.

(a) Ifc=6b, thesymplectictransformationdefinedby

qi=(xi+x2)/~, q2=(x1—x2)/~,

pl=(yl+y2)/\h, p2=(y1—y2)/~,

gives

H(q, p) = (p~+p~)/2+2aq~+ (2b+d/2)q~

+ l/2q~+ (2b—d/2)q~.

As this Hamiltonianis separablein anobviousway, thesystemis integrable.
(b) The case defined by c=2b and a=d=0 is separable. Indeed, the

Hamiltoniancanbewritten in polarcoordinatesas

H(p, 6,p~,p0)=(p~+p~/p
2)/2+l/p2(cosO—sinO)2+bp4.

If wedefinethe functionKby H=K/p2, the Hamiltoniansystemgeneratedby
Htakesthe form

dp/(l/p2)(8K/�ip~)_—dO/(l/p2)(aK/8p
6)

=dp0/ [ (— l/p
2) (0K/~ip) + (K/p4) (~Jp2/8p)]

— l/p2) (~3K/~O)=dt.

If wechangethe independentvariableby putting dt=p2 dt, and if we remark
that,alonganysolutionof energyh, wehaveK/p2=H=h, thisHamiltoniansys-
tembecomes

dpi (0K/ape) =dO/(aK/8p
0)

=dp~/((— ~K/ap)+h Op
2/~ip)

=dp
0/(—8K/öO)=dr.

This is exactly the Hamiltonian system generatedby the Hamiltonian
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= K—hp2=p2(H—h).In thissystem,weconsideronlythesolutionswhichsat-
isfy the invariantrelation~r=0, i.e.,H=h (cf. ref. [13]).

Now, the Hamiltonian.~° hasthe following form:

~°= (p~p~+p~)/2+l/(cos 0—sin0)2+bp6—hp2,

andit isseparable.
Someparticularintegrablecasesof the systemwe considerwere introduced

andinvestigatedfirst by Inozemtsev[14].

6. Non-integrabilityof the systemin the limit h— +x

In this section,we considerthe previousparticularfamily of solutionsF,, de-

fined by thedifferentialequation

ii=l/4x3—2(2b+c—2d)x3, (18)

or by its first integral

h=H/2=~2/2+ l/8x2+ (b+c/2—d)x4, (19)

andthenormalvariationalequationalongF,,,

~+[4a+2(6b—c)x2]17=0. (20)

Thescaling

x=h”4(b+c/2—d)”4~,

11 = h”4 (b+ c/2 — d) —1

(21)

transformsequations(18), (19), (20) into the following form, in the limit
h-~.+co:

d2~~/dt~2+Q33=0,

2(dq/dt)2= 1 —q~4,

d2~/dt2+2b+c—2d~~0 (22)

This is exactlythe systemassociatedto ahomogeneouspotentialof degreek= 4
[15]. The normal variational equationof the homogeneousproblemcan be
transformedinto aGausshypergeometricequation.Thestudyofits monodromy
groupwasperformedby Yoshida,whogavesufficient conditionsfor non-integra-
bility of the system[15]. By the useof an “integrability coefficient”2~as the
intrinsicparameterof thenormalvariationalequation
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d2~/dz2+1
1q~

2~=0,

Yoshidadeterminesthe following non-integrabilityregionSk for thiscoefficient
(with k=4 in ourproblem):

S
4=]—oo,0[u]l,3[u]6, l0[u”.u]j(2j—l),j(2j+l)[u..•.

The integrabilitycoefficientof oursystemis definedby

21=(6b—c)/(2b+c—2d).

Thus, the application of Yoshida’s criterion gives

Proposition6.1. If thecoefficient(6b—c)/(2b+c—2d)is in theaboveregion S4,
the Hamiltoniansystem(1) is non-integrablein the senseofZiglin, in thelimit
h—i. +oo.

Remark.Condition (iii) oftheorem1.1 is not fulfilled, i.e.,

SOb—7c—2d
2b+c—2d =(2p+l)

2, peN

(cf. theorem1.1) if andonly if

2b+c—2d E{O, 1,3,6,10, ...,p(p+1)/2, ...}.

These integers are the boundaries of the intervals which appearin the non-inte-
grability regionS

4of thecoefficient (6b—c)/(2b+c—2d).
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